For an arbitrary local field K (a finite extension of the field Qp) and an arbitrary formal group law F over K, we consider an analog c F of the classical Hilbert pairing. A theorem by S. V. Vostokov and I. B. Fesenko says that if the pairing c F has a certain fundamental symbol property for all Lubin-Tate formal groups, then c F = 0. We generalize the theorem of Vostokov-Fesenko to a wider class of formal groups. Our first result concerns formal groups that are defined over the ring O K of integers of K and have a fixed ring O 0 of endomorphisms, where O 0 is a subring of O K . We prove that if the symbol c F has the above-mentioned symbol property, then c F = 0. Our second result strengthens the first one in the case of Honda formal groups. The paper consists of three sections. After a short introduction in Sec. 1, we recall basic definitions and facts concerning formal group laws in Sec. 2. In Sec. 3, we state and prove two main results of the paper (Theorems 1 and 2). Refs 8.
1. Introduction. Historically, local fields were introduced by Hensel to solve problems in number theory by methods borrowed from analysis. Recently, the theory of local fields has found successful applications in diverse areas ranging from noncommutative geometry and coding theory to the study of mesoscopic and nano systems (see, e. g., numerous articles published by A. Khrennikov relating p-adic analysis to various branches of physics, biology, neural networks, etc.). The present paper is devoted to some classical aspects of the theory of local fields. Let K be a local field, i. e., a finite extension of the field Q p of p-adic numbers, and let n be a positive integer. We assume that K contains the group μ n of all nth roots of 1. It is well known (see, e. g., [1] ) that the Hilbert norm residue symbol is a non-degenerate bilinear pairing K * × K * → μ n such that
and every non-degenerate pairing K * × K * → μ n satisfying relation (1) is a power of the Hilbert symbol. Moreover, for non-degenerate pairings, relation (1) is equivalent to the norm property of the Hilbert symbol. Using the reciprocity map of local class field theory, one can define an analog c F of the Hilbert symbol for formal groups over local fields as in [2] . Let G m (X, Y ) be the multiplicative formal group. In this case, the norm residue symbol gives rise to the Hilbert pairing c Gm on K * × G m (M ) with values in
where M is the maximal ideal of the ring of integers O K of K, and relation (1) is equivalent to
Based on the example of the formal group G m , one might be tempted to guess (as was done by S. Lang in his book [3] ) that the property
remains valid for every formal group F or at least for all formal groups from a certain class. However, S. Vostokov and I. Fesenko proved in [4] that if c F satisfies property (2) for all Lubin-Tate formal groups F , then c F = 0. More precisely, they proved the following statement.
Proposition. Let L be a field obtained by adjoining the roots κ n of the isogeny 
In the present paper, we prove two new results. First, we generalize the VostokovFesenko theorem to some other class of formal groups (Theorem 1). Secondly, we show that, in the case of Honda formal groups, Theorem 1 can be strengthened (Theorem 2).
2. Formal groups. 2.1. Definition and basic properties. We recall some basic definitions and facts concerning formal group laws (for more details, see, e. g., [5, 6] ). Let R be a commutative associative ring with identity element. A one-dimensional formal group law over R (or, simply a formal group) is a formal power series in R[ [X, Y ] ] satisfying the following conditions: 
Homomorphisms from F to itself are called endomorphisms. We denote by Hom(F, G) the set of all homomorphisms from F to G and by End(F ) the set of all endomorphisms of F .
For each F , there is a unique ring homomorphism from Z to End R (F ). We denote
an isomorphism if and only if n is invertible in R.
For f, g ∈ Hom(F, G), we define the sum
is an Abelian group. If we define the multiplication in End(F ) as the composition of endomorphisms, then End(F ) becomes a ring with 1.
For a commutative group law F over R, we have a homomorphism c :
. Then each element a ∈ C gives rise to an endomorphism of F . In this case, we say that the formal group F has a structure of a formal C-module. If formal group laws F and G are formal C-modules and f ∈ Hom(
LetR be a localization of R with respect to the set of positive integers. A homomorphism from F to G a is called a logarithm of F . Every logarithm of F has the form al F , where a ∈R and
. Let B be a local commutative R-algebra, let M be the maximal ideal of B, and let B be complete with respect to the M -topology. For each formal group law F (X, Y ) over R, the power series F (X, Y ) and i(X) converge for all X, Y ∈ M . We turn M into a group F (M ) by putting x + F y = F (x, y) and − F (x) = i F (x) and call the group thus obtained the group of points of F over M . The same construction gives rise to a group structure on an arbitrary power M n of M . We call the resulting group the group of points of F over M n . If F has a structure of a formal C-module, then the Abelian group F (M ) has a structure of a C-module.
Let K be a discrete valuation field of characteristic 0 with ring of integers R = O K and residue field k of characteristic p > 0. For every formal group law F over O K , we have Z p ⊂ c(End(F )), and so F has a formal Z p -module structure. If π is a prime element of O K , then by the height of F we mean the height of the endomorphism [π] reduced modulo π.
For a finite extension L/K of local fields and the maximal ideal M L of L, we have the group F (M L ). In the case of an infinite extension E/K, by F (M E ) we mean the direct limit of F (M L ) over the system of finite subextensions L/K of E/K. For a fixed algebraic closureK of K, we denote byM the maximal ideal of the ring of integers inK and by F (M ) the corresponding group. We say that an endomorphism of a formal group F over O K is an isogeny if the corresponding group homomorphism is onto and has a finite kernel. It can be proved that an endomorphism f is an isogeny if and only if the height of f is finite. In this case the kernel of f has order p h . Let f be an isogeny, and let f (n) be the n-fold composition of f with itself. Let κ n,f be the kernel of f (n) . This is a finite subgroup of F (M ).
Symbols on formal groups.
Let K be a local field. We recall that if K has characteristic zero, then there is an embedding c : End(F ) → O K that sends each f ∈ End(F ) to f (0). We denote by O 0 the image of End(F ) in R. Let K 0 be the field of fractions of O 0 . We consider an algebraic closureK 0 of K 0 and the group F (M ) of points of F overM , whereM is the maximal ideal of the ring of integers inK 0 .
Let 
By bilinearity of c F , we mean that the following conditions are valid:
where α, α 1 , α 2 ∈K * 0 , β, β 1 , β 2 ∈ F (M ), and a ∈ O 0 . In a more general case, where we consider an entire class Φ of formal groups with the same group of points, the latter property assumes the following form: F (α, β)) for all F, G ∈ Φ and every homomorphism φ : F → G.
Main results.
In this section, we prove two theorems concerning the symbols satisfying condition (2) . Let K be a local field and O K be the ring of integers of K. Let L be an extension of K containing the kernel κ n of the isogeny [π n 0 ], where π 0 is a prime element of the ring O 0 . We denote by M L the maximal ideal of the ring of integers of L.
Proof. We fix a formal group F satisfying the conditions of Theorem 1. Let φ(X) = X + a 2 X 2 + · · · + be a series with coefficients in O K . We prove that there exists a formal group G(X, Y ) ∈ O K [X, Y ] such that the series φ(X) is a homomorphism from G to F and End(G) O 0 . To this end, it is necessary to prove that there exists a
where φ −1 is the inverse to φ with respect to the composition, and prove that G(X, Y ) is a required formal group. First, we prove that G(X, Y ) is a formal group. We have
It remains to check the relation End(G) O 0 . However, this is obvious due to the fact that the homomorphism ψ(a
From what have just been proved, it follows that the relation
. Now we observe that c(θ, β) = 0 if θ ∈ μ q−1 , where q is the number of elements in the residue field of K. This follows from the bilinearity of the symbol and the fact that the order of B is prime to q − 1. Let π be a prime in O L . Obviously, c G (π, −θπ) = 0 is valid for every formal group G satisfying the conditions of
and for all prime elements π of the ring of integers. It only remains to observe that the multiplicative group of a field is generated by its prime elements. This completes the proof of Theorem 1.
The condition imposed on the symbol in Theorem 1 is very strong. Namely, we assumed that property (2) is valid for all formal groups from a certain class of groups. Theorem 2, which is stated and proved below, establishes the degeneration of any symbol satisfying condition (2) for an individual formal group of certain type, namely, for a Honda formal group (for the definition of Honda groups, see [7, 8] 
We need several lemmas.
Lemma 1. Under the conditions of Theorem 2, the extension L/K is totally ramified.
Proof. For each s, 1 ≤ s ≤ n, let κ s be the kernel of [π s ], and let K s be the field obtained by adjoining κ s to K. First, we show that the extension K 1 /K is totally ramified. It is sufficient to prove that each element a ∈ κ 1 is a root of some Eisenstein polynomial. We observe that a is a root of
We see that the coefficients of [π](X) belong to O K . Since the height of [π] is equal to 1, we have a i ∈ M K for i ≤ p − 1 and a p ∈ M K (π is a prime in E; but K/E is unramified, consequently, π is a prime in K). By the Weierstrass preparation theorem, we have
where b i , c i ∈ O K and b 0 is invertible. We may slightly change Eq. (3) by assuming that b 0 = 1. Then the roots of [π] are roots of the first factor in (3). Consequently, it remains to prove that this factor is an Eisenstein polynomial, which is easy. Indeed, Eq. (3) with b 0 = 1 and the fact that 
where P s (X) is a polynomial of degree p s . All elements of κ s are roots of this polynomial, P s (0) = 0, and c(P s (X)) = π s . From the Weierstrass preparation theorem, we obtain that all coefficients of the polynomials P s (X), except the leading ones, are divisible by π. Since κ s ⊃ κ s−1 , the polynomial P s (X) is divisible by P s−1 (X), and we have
It follows that all coefficients of the polynomial
except the leading one, are divisible by π, which means that this polynomial is Eisenstein. Since the elements of K s /K s−1 are roots of (6), the extension K s /K s−1 is totally ramified. The lemma is proved.
Thus, we proved that the extension L/K is totally ramified. It follows that the residue fields of the fields L and K are isomorphic. Therefore, we can choose a common system of multiplicative representatives for L and K. Proof. Sinceπ is a prime in L and the extension L/K is totally ramified, every α ∈ M L can be represented in the form α = a 1π + · · · + a nπ n + · · · .
Now, we can successively approximate α by formal sums of elements of A.
The same reasoning can be used to prove the following statement. 
